For a simple connected graph G, the Q-generating function of the numbers N k of semi-edge walks of length k in G is defined by W Q (t) = ∞ k=0 N k t k . This paper reveals that the Q-generating function W Q (t) may be expressed in terms of the Q-polynomials of the graph G and its complement G. Using this result, we study some Q-spectral properties of graphs and compute the Q-polynomials for some graphs obtained by the use of some operation on graphs, such as the complement graph of a regular graph, the join of two graphs, the (edge)corona of two graphs and so forth. As another application of the Q-generating function W Q (t), we also give a combinatorial interpretation of the Q-coronal of G, which is defined to be the sum of the entries of the matrix (λI n − Q(G)) −1 . This result may be used to obtain the many alternative calculations of the Q-polynomials of the (edge)corona of two graphs. Further, we also compute the Q-coronals of the join of two graphs and the complete multipartite graphs.
Introduction
Throughout this paper, we consider only simple connected graphs. Let G = (V, E) be a graph with vertex set V = {v 1 , v 2 , . . . , v n }. Two vertices v i and v j of G are called adjacent, denoted by v i ∼ v j , if they are connected by an edge.
The adjacency matrix A(G) of G is a square matrix of order n, whose entry a i,j is defined as follows: a i,j = 1 if v i ∼ v j , 0 otherwise. Let D(G) be the diagonal degree matrix of G. The matrix Q(G) = D(G) + A(G) is called the signless Laplacian matrix of G. The Q-spectrum of G is defined to S(G) = (q 1 (G), q 2 (G), . . . , q n (G)), where q 1 (G) ≥ q 2 (G) ≥ · · · ≥ q n (G) are the eigenvalues of Q(G). They also are the roots of the Q-polynomial f Q (λ) = det(λI n − Q(G)) of G. Denote Qpolynomial of the complement graph G of G by f Q (λ) = det(λI n − Q(G)). For more review about the Q-spectrum and Q-polynomial of G, readers may refer to [1, 5, 6, 7, 8, 9, 10, 15] and the references therein.
Let G be a simple connected graph and A(G) be its adjacency matrix. A walk (of length k) in G is an alternating sequence v 1 , e 1 , v 2 , e 2 , . . . , v k , e k , v k+1 of vertices v 1 , v 2 , . . . , v k+1 and edges e 1 , e 2 , . . . , e k such that for any i = 1, 2, . . . , k the vertices v i and v i+1 are distinct end-vertices of the edge e i . It is well known [10] that the (i, j)-entry of the matrix A(G) k equals the number of walks of length k starting at vertex v i and terminating at vertex v j . Let N k denote the total number of all walks of length k in G.
k is called the generating function of the numbers N k of all walks of length k in G. In [10] , the generating function H G (t) is expressed in terms of the characteristic polynomials of the graph G and its complement G, and many spectral properties are obtained. For example, the characteristic polynomials of some graphs is computed by employing the generating function H G (t) in [10] .
For a simple connected graph G, let Q(G) be its signless Laplacian matrix. Similarly, a semi-edge walk (of length k) [6] in an (undirected) graph G is an alternating sequence v 1 , e 1 , v 2 , e 2 , . . . , v k , e k , v k+1 of vertices v 1 , v 2 , . . . , v k+1 and edges e 1 , e 2 , . . . , e k such that for any i = 1, 2, . . . , k the vertices v i and v i+1 are end-vertices (not necessarily distinct) of the edge e i . It is proved [6] that the (i, j)-entry of the matrix Q(G) k equals the number of semi-edge walks of length k starting at vertex v i and terminating at vertex v j .
The Q-generating function of the numbers N k of semi-edge walks of length
where N k denotes the total number of semi-edge walks of length k in G. The following problem seems interesting:
Study the Q-generating function W Q (t) for the numbers N k of semi-edge walks of length k in G and compute the Q-polynomials of some graphs by employing the Q-generating function W Q (t).
This paper reveals that the Q-generating function W Q (t) may be expressed in terms of the Q-polynomials of the graph G and its complement G. Using this result, we obtain some Q-spectral properties of graphs and compute the Qpolynomials for some graphs obtained by the use of some operation on graphs, such as the complement of a graph, the join of two graphs, the (edge)corona of two graphs and so forth.
As another application of the Q-generating function W Q (t), we also give a combinatorial interpretation of the Q-coronal of a graph G, which is defined to be the sum of the entries of the matrix (λI n − Q(G)) −1 . This result may be used to obtain the many alternative calculations of the Q-polynomials of the (edge)corona of two graphs. Further, we also compute the Q-coronals of the join of two graphs and complete multipartite graphs.
The Q-generating functions and Q-polynomials of graphs
For a simple connected graph G, the following Proposition 2.1 reveals that the Q-generating function W Q (t) may be expressed in terms of the Q-polynomials of the graph G and its complement G.
Proposition 2.1. Let G be a simple connected graph on n vertices. Then
Proof. The proof is totally similar to Theorem 1.11 in [10] . Let B be a nonsingular n-by-n square matrix and J be a square matrix all entries of which are equal to 1. Then, for arbitrary number x,
where sum(K) denotes the sum of all entries of a matrix K and adjK denotes its adjoint matrix. Now, from Theorem 4.1 in [6] , one gets
Thus we obtain
With B = I − tQ, x = t, the formula (1) yields
where Q = (n − 2)I + J − Q is the signless Laplacian matrix of the complement G of G. Hence,
This completes the proof of Proposition 2.1. ✷ Theorem 2.2. Let G be an r-regular graph on n vertices and G be its complement graph. Then
Moreover, if the signless Laplacian spectrum of G contains 2r, q 2 , . . . , q n , then the signless Laplacian spectrum of G contains 2(n − r − 1), n − 2 − q 2 , . . . , n − 2 − q n .
Proof. It is easy to see that
whenever G is an r-regular graph on n vertices. From Proposition 2.1, one has
With λ = (n − 2)
, that is, (2), we obtain the required result. Moreover, if the signless Laplacian spectrum of G contains 2r, q 2 , . . . , q n , then it is easy to see that the signless Laplacian spectrum of G contains 2(n − r − 1), n − 2 − q 2 , . . . , n − 2 − q n . ✷ Let G 1 and G 2 be two graphs with disjoint vertex sets V (G 1 ) and V (G 2 ), and edge sets E(G 1 ) and E(G 2 ), respectively. The join G 1 ∨ G 2 of G 1 and G 2 is the graph union G 1 ∪ G 2 together with all the edges joining V (G 1 ) and V (G 2
where Q 1 , Q 2 are the signless Laplacian matrices of G 1 and G 2 , respectively.
, where G 1 ⊕ G 2 denotes the direct sum of G 1 and G 2 . Proposition 2.1 implies that
Note that (3), we obtain the required result. ✷ Corollary 2.4 [11] . Let G i (i = 1, 2) be a regular graph of degree r i with n i vertices. Then
Proof. This is an immediate consequence of Theorems 2.2 and 2.3, omitted. ✷ Let Q(G) = (q ij ) n×n be the signless Laplacian of a simple graph G. Assume that x 1 , x 2 , . . . , x n are mutually orthogonal normalized eigenvectors of Q(G) associated to eigenvalues q 1 , q 2 , . . . , q n , respectively. Also let Λ = diag(q 1 , q 2 , . . . , q n ) and P = (x 1 , x 2 , . . . , x n ) = (x ij ) n×n . Then Q(G) = P ΛP T , which implies that the number N k of all semi-edge walks of length k in G equals
Thus we arrive at: Theorem 2.5. The total number N k of semi-edge walks of length k in G equals , 1, 2, . . .) ,
It is clear to see that N k = n(2r) k whenever G is an r-regular graph with n vertices. In this case, the signless Laplacian spectral radius q 1 of G is equal to
In general case, we have the following Theorem 2.6, which is analogous to an existing result related to the adjacency spectrum (see Theorem 1.12 in [10] ).
Theorem 2.6.
Proof. Firstly, it is easy to see that
The Squeeze Theorem implies that
Note that lim k→∞ k √ n = 1, the required result follows. ✷
The following statement and its proof is analogous to an existing result related to the adjacency spectrum (see Theorem 2.5 in [10] ).
Theorem 2.7. If the Q-spectrum of a graph G contains a signless Laplacian eigenvalue q 0 with multiplicity s ≥ 2, then the Q-spectrum of its complementary graph G contains a signless Laplacian eigenvalue n − 2 − q 0 with multiplicity t, where s − 1 ≤ t ≤ s + 1.
Proof. By Theorem 2.5, the Q-generating function of the numbers N k of semiedge walks of length k in G is
From Proposition 2.1, one has
where ϕ 1 (u), ϕ 2 (u) are polynomials in u and the roots of ϕ 2 (u) are all simple. Since q 0 is a signless Laplacian eigenvalue of G with multiplicity s ≥ 2. Then
, where g(q 0 ) = 0. Therefore,
which implies that f Q (n − 2 − u) must have a factor (u−q 0 ) t , t ≥ s−1 as the roots of ϕ 2 (u) are all simple. Thus f Q (u) must have a factor (u − (n − 2 − q 0 )) t . Hence the Q-spectrum of the complementary graph G contains a signless Laplacian eigenvalue n − 2 − q 0 with multiplicity t ≥ s − 1.
Next, we shall prove t ≤ s+1. Assume that the Q-spectrum of the complementary graph G contains a signless Laplacian eigenvalue n − 2 − q 0 with multiplicity t > s + 1. According to the above statement, G = G contains a signless Laplacian eigenvalue n − 2 − (n − 2 − q 0 ) = q 0 with multiplicity r ≥ t − 1 > s + 1 − 1 = s, contradiction. Hence, t ≤ s + 1.
This completes the proof of Theorem. ✷ Next, we shall consider another applications of the Q-generating function W Q (t) of the numbers N k of semi-edge walks of length k in G. In [3] , Cui and Tian introduced a new invariant, the Q-coronal Γ Q (λ) of a graph G of order n. It is defined to be the sum of the entries of the matrix (λI n − Q) −1 , where I n and Q are the identity matrix of order n and the signless Laplacian matrix of G, respectively. Using this concept, we computed the Q-polynomials of the corona G 1 •G 2 and edge corona G 1 ⋄G 2 (for definitions and more details about the corona and edge corona, see [2, 3, 4, 12, 13, 14] ) as follows.
Theorem 2.8 [3] . Let G 1 and G 2 be two graphs on n 1 and n 2 vertices, respectively. Also let Γ Q 2 (λ) be the Q 2 -coronal of G 2 and
Theorem 2.9 [3] . Let G 1 be an r 1 -regular graph with n 1 vertices, m 1 edges and G 2 be any graph with n 2 vertices, m 2 edges. Also let Γ Q 2 (λ) be the Q 2 -coronal of
It is well known that it is difficult for us to compute the inverse of matrices, especially high order matrices, which results in a difficulty when we need to compute the Q-coronal Γ Q (λ) in Theorems 2.8 and 2.9. In [3] , we computed the Qcoronal of some special graphs and gave the Q-polynomials of their (edge)coronae.
Next, we shall give a combinatorial interpretation of the Q-coronal of a graph G of order n, which is used to obtain the many alternative calculations of the Q-polynomials of the corona G 1 • G 2 and edge corona G 1 ⋄ G 2 for any graphs G 1 and G 2 . Proposition 2.10. Let G be a simple connected graph of order n. Then it's Q-coronal equals
Proof. Let Q be the signless Laplacian matrix of G and 1 n denote the length-n column vector, whose each element equals 1. By a simple calculation,
Since the sum 1 T n Q k 1 n of all elements of Q k is the total number N k of all semi-edge walks of length k in G. Then the equality (4) becomes
From Proposition 2.1, the required result follows. ✷ Now applying Proposition 2.10, Theorems 2.8 and 2.9 may be rewritten as the following Theorems 2.11 and 2.12, respectively. Theorem 2.11. Let G 1 and G 2 be two graphs on n 1 and n 2 vertices, respectively. Also let
Theorem 2.12. Let G 1 be an r 1 -regular graph with n 1 vertices, m 1 edges and G 2 be any graph with n 2 vertices, m 2 edges. Also let
The following Proposition 2.13 exhibits the Q-coronal of the join G 1 ∨ G 2 of two regular graphs G 1 and G 2 . Proposition 2.13. Let G 1 be an r 1 -regular graph on n 1 vertices and G 2 be an r 2 -regular graph on n 2 vertices. Also let G = G 1 ∨ G 2 . Then Γ Q (λ) = (λ − n 2 − 2r 1 )n 2 + (λ − n 1 − 2r 2 )n 1 + 2n 1 n 2 (λ − n 2 − 2r 1 )(λ − n 1 − 2r 2 ) − n 1 n 2 .
Theorem 2.2).
Hence the Q i -generating function for the numbers N k of semi-edge walks of length k in G i equals n i for i = 1, 2, . . . , k. Now applying (10), we obtain
According to the proof of Proposition 2.10, the Q-coronal of the complete multipartite graph G = K n 1 ,n 2 ,...,n k equals
Finally, Liu and Lu [13] introduced the definitions of the subdivision-vertex neighbourhood corona and subdivision-edge neighbourhood corona for two graphs G 1 and G 2 , and their Q-polynomials are determined by using the Q-coronal of G 2 . Clearly, Applying the combinatorial interpretation of the Q-coronal of graphs (see Proposition 2.10), we may obtain many alternative calculations of the Qpolynomials of the subdivision-vertex neighbourhood corona and subdivision-edge neighbourhood corona of G 1 and G 2 . These contents are omitted.
